Lanthanoid (or lanthanide) garnets are ionic solids of technological importance in their use as laser materials. They are also of interest in respect of their systematic relationships and as geochemical tracers. As a consequence, there is considerable published thermodynamic information for these garnets.
Introduction
Over the past two decades and more, colleagues and I have established a number of useful relations among the thermophysical properties of ionic solids, principally based on the fact that the energetics of ionic solids are essentially controlled by the long-range charge (coulombic) interactions opposed by the short-range repulsions, with only small contributions from other interactions [1] . Furthermore, the standard thermodynamic quantities (such as heat capacity, entropy, and enthalpy) of these materials are integrals over their frequency distributions so that the values generated are insensitive to details of the phonon spectrum [2] and thus largely independent of crystal structural details [3] .
These considerations result in reliable correlations among the thermophysical properties, the charges involved, and the formula volumes of the materials, corresponding to a "Volume-Based Thermodynamics" (VBT) [4; 5] . They are also of interest in respect of their systematic relationships [6] and as geochemical tracers [7] . However, the behaviours of these lanthanides are not always straightforward: for example, while most exist only as trivalent ions, Ln 3+ , Eu also can take on divalency while Ce can be quadrivalent, leading to their enrichment or depletion in minerals relative to the other rare-earths -these are the so-called Europium and Cerium anomalies [7] . The current paper examines the thermodynamics of a large number of lanthanoid (often called lanthanide) garnets by means of VBT and other relations
The lanthanoid garnets form in the crystal-structure space group Ia ̅ d, with the f-block Ln 3+ cations eight-coordinated to oxygen in distorted cubes, and with M 3+ both octahedrally six-coordinated to oxygen and tetrahedrally four-coordinated to oxygen. The cations all lie in symmetry-controlled positions, with only oxygen having variable fractional coordinates.
Thermodynamic Properties
The physico-chemical properties of lanthanoid garnets have received considerable attention, with their advantage of providing a closely-homologous group among which relationships may be examined in detail. Their spectroscopic [6] and thermodynamic [8] properties have been thoroughly examined and reported, and we here use the important thermodynamic data together with other data in considering correlations among these properties.
The principal properties of interest are formula volume, heat capacity, entropy, and formation enthalpy (from which the Gibbs energy may be obtained), and isothermal compressibility. Table 1 contains corresponding data for the lanthanoid ferri-, alumino-, and gallo-garnets. A noticeable feature in the Table is the closeness of the ratio C p /S to unity, i. e., ambient heat capacities and entropies are closely equal [3] . Much of our results are derived from the consistent computational analyses of Moretti and Ottonello [8] , we should expect generally smooth relations -with some discrepancies based upon particular properties of the constituent lanthanide ion. [10] . There are slight differences between those published and the values listed here on account of small differences in the reference values used.
We initiate examination of the data by considering systematic relations. As a preliminary example, Fig The data points for the yttrium garnets in Table 2 divert from the general run since they are not true members of the lanthanide series. The single-ion values of all these materials will be discussed in more detail below. 
Thermodynamic Correlations
The apparently smooth general relations become more valuable when they are combined in correlations that have been earlier established for ionic solids [5; 11] .
There is a general tendency of the heat capacities to increase with formula volume (Fig.   3 ). This agrees with earlier observations [12] that heat capacity is roughly proportional to formula volume, noting that the expanded scales of the current plot emphasises the deviations from strict proportionality. The experimental values for the ferrigarnets reported by Parida, et al. [9] are some 10% larger than the the fitted values of Moretti and
Ottonello [8] and do not follow a clearly consistent pattern. In Fig. 4 , we see a very rough general tendency of absolute entropy to increase with formula volume [13] , in a general similarity with the observations in Fig. 3 , with rising and falling magnetic contributions (Table 11 [8] ) occasioning the pairs of generally convex curves. However, we now note a number of anomalies, as may also be seen in Glasser has shown [3] that ambient values of heat capacities and entropies of ionic solids are roughly equal (C p /S  1); ratios which are greater than 1 imply elevated Debye temperatures,  D, reaching towards 600 K for ambient temperature data of 300 K. We In Fig. 6 , we see that that the compressibilities of the lanthanoid garnets are closely proportional to their formula volumes [14; 15] . The slope of the plot corresponds well with data for perovskites, ABO 3 , with a slope of 0.276 GPa -1 per nm 3 of ion pair -the correspondence of the garnet formula with a perovskite oxide is noted in the relation The ratios U latt /E pot (where E pot is the Madelung or electrostatic energy [17] ) of the data in earlier observed for a diverse set of ionic materials [17] , suggesting the presence of some covalency. A further significant observation is that the largest electrostatic energy (and so smallest energy ratio) applies to the aluminogarnets -this implies that they have the largest ionic contribution, with the ferri-and gallo-garnets exhibiting somewhat greater covalency, confirming the observation noted for Fig. 7 . From Kanke and Navrotsky [18] we have an independent set of formation enthalpies and entropies for the ferrigarnets from oxide synthesis, which may be compared with the data of Moretti and Ottonello [8] . In Table 3 , we convert the published oxide synthesis results to standard elemental values, using current oxide values in the HSC database [19] , and compare the results to those of Moretti and Ottonello. The formation enthalpies are in excellent agreement to within about 1.5%. It is observed that the formation enthalpies obtained by Moretti and Ottonello [8] and by our "limiting" lattice-energy equation [16] are also in excellent agreement. However, there are serious discrepancies among the values for ambient absolute entropies. 
Additive Single-ion Values
We have developed additive single-ion values for the lanthanoid garnets from the data of Moretti and Ottonello [8] for volume, heat capacity, entropy, formation enthalpy and compressibility, and these are listed in Table 3 . The values have been determined by non-linear optimization (using the Microsoft Excel "Solver" routine) of the single-ion values, where the sums generated are compared with the literature values for the corresponding thermodynamic property, and the sum-of-squares of the differences minimised. Since such optimizations do not necessarily yield a global minimum, but tend to fall into local minima of similar magnitude, it is appropriate to provide a fixed reference value for one of the ions in each case. Reference values for the La 3+ ion are readily available, and so these values were fixed in an initial optimization. These values were then freed, and the optimization repeated, without significant shifts in the results,
showing that a true local minimum had been obtained in the optimization.
The Table shows that the volumes obtained for the lanthanide cations are very similar to those of the independently-determined set of Glasser and Jenkins [20] , confirming that these volumes may be reliably used in volume estimation for other materials. [20] .
b Since ambient heat capacity and entropy are approximately equal [3] , the heat capacity value for La 3+ has also been used as reference value for its entropy.
Conclusion
We have examined systematic thermodynamic relations among the lanthanoid garnets.
Most of these thermodynamic properties show smooth correlations; however, the europium and ytterbium lanthanoid garnets show some anomalies, which are explicable for the Eu materials in terms of the absence of a magnetic spin entropy for the Eu 3+ ion, while thermodynamic anomalies between Yb and Lu garnets appear to arise from the shielding effects of a complete electron shell for Lu 3+ .
We have developed additive single-ion properties (ion volume, heat capacity, entropy, formation enthalpy and compressibility) for the trivalent lanthanide cations which may be useful in the estimation of thermodynamic properties of lanthanoid materials.
Highlights
 The thermodynamics of ferri-, alumino-, and gallo-lanthanoid garnets are examined.
 Europium and ytterbium/lutetium garnets exhibit some anomalies.
 Entropies from the literature are not well-established.
 Additive single-ion thermodynamic values are established for the trivalent lanthanide cations.
Graphical Abstract
There exists much experimental data for lanthanoid garnets, which are strongly ionic solids. We examine the consistencies among these structurally related materials and note some anomalous values, particularly for the europium and ytterbium garnets. 
